Abstract. For a bounded invertible operator A on a complex Banach space X, let B A be the set of operators T in L(X) for which sup n≥0 A n T A −n < ∞. 
Introduction Let L(X), L(H), Sp(T )
, and r(T ) denote respectively the algebra of all bounded linear operators on a complex Banach space X, the algebra of all bounded linear operators on the complex separable infinite dimensional Hilbert space H, the spectrum of T, and the spectral radius of T. Let A be an invertible operator in L(H). In It is easy to see that B A is an algebra which contains the commutant {A} of A. In the case of finite dimensional Hilbert spaces, J. A. Deddens [2] showed that B A = {A} if and only if there exists a nonzero scalar α, such that A = α(I + N ), with N nilpotent. In the same paper Deddens conjectured that in the infinite dimensional case we have equality if the spectrum of A is reduced to {1}. In 1980, J. P. Williams [10] proved that if the spectrum of A is reduced to {1}, then B A ∩ B A −1 = {A} . In 1983, P. G. Roth [6] gave a negative answer to Deddens' conjecture. He showed the existence of a quasinilpotent operator Q (the classical quasinilpotent Volterra integration operator) for which B A = {A} when A = I + Q.
In this paper considering a more general situation of a Banach space and following a different approach, we first intend to give a quantitative result (Theorem 4). As a corollary we obtain Williams' result. Subsequently, we improve Williams' result by replacing his condition on A −1 by the weaker condition A −n T A n = o(e √ n ), as n → ∞ for every > 0. This could be the best possible result.
Results
Let f be an entire function and let M f (r) = max |z|=r |f (z)|. We say that f is of finite order if there exists k ≥ 0 such that
The infimum of all k satisfying this inequality is called the order of f and denoted by τ (f ). It is easy to verify that
Now suppose that f is an entire function of finite order τ (f ). We define the type of f , denoted by σ(f ), to be the infimum of all nonnegative numbers a such that
.
We then have
. When σ(f ) = 0, we say that f is of minimal type. If the entire function f is of order at most one, then by [3, p. 84 ] (see also [4] ), the type of f is given by
So, M f (r) ≤ u e 2r A T , which gives us that the order of u(e zA T e −zA ) is less than or equal to 1. The n-th derivative of Φ(z) at zero is u(∆ n A (T )). Thus by Levin's theorem (see [3] , p. 84) or equation 2.2.12 in Boas ([1], p.11) the type of Φ(z) is equal to lim sup n→∞ |u(∆ n A (T ))| 1 n , which is less than or equal to the spectral radius of ∆ A (T ).
The next lemma is a fundamental tool needed in the proof of one of the main results in this paper. Its proof given below is included mainly in order to keep this paper as self-contained as possible. The result is a consequence of the well-known theorem of Bernstein, that is, an entire function of minimal type is not bounded on the real line unless it is a constant. Proof. Take g(z) = f (z 2 ). Then g is an entire function of growth (1, 0) and is bounded on the real line. So, by Bernstein's theorem g must be constant. On the other hand, since f is of minimal type, we have for an arbitrary > 0,
Moreover, for z on the imaginary axis, we have
Condition (ii) implies the existence of K > 0 for which
, for every real t and every > 0.
Hence g is bounded on the imaginary axis. It follows by a standard Phragmén-Lindelöf argument that g is bounded on the closure of Π + (see [7] , p. 282). Thus
Similarily, we obtain for f (−z) lim sup
Consequently, f is an entire function of growth ( 1 2 , 0). By Lemma 2, we obtain that f is constant.
Our main results are the following.
Theorem 4. Let S be in L(X) and suppose that T is in B e S ∩ B e −S . Then
where C = sup n≥0 e nS T e −nS < ∞.
, where u is a functional of norm one on L(X). Condition T ∈ B e S ∩ B e −S implies that f is bounded on the real axis. On the other hand, f (z) = u( 
By applying Hahn-Banach's theorem we obtain the desired result.
As a consequence we obtain the following result of Deddens-Stampfli-Williams.
We also have the following improvement of Williams's result which we claim as the best possible result. The proof was inspired to us by the articles [5] and [9] .
Theorem 6. Let Q be a quasinilpotent operator in L(X). Suppose that
Proof. Apply Lemma 3 to the function f (z) = u(e z(I+Q) T e −z(I+Q) ), where u is a functional of norm 1.
Theorem 7. Let A be an invertible operator in L(X). Suppose that
Proof. Let us consider the function f (z) = u(e Remark. As the reader may have noticed, all these results are valid in the general situation of Banach algebras.
